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GRAPH EQUIVARIANT COHOMOLOGICAL RIGIDITY FOR
GKM GRAPHS
MATTHIAS FRANZ AND HITOSHI YAMANAKA
Abstract. We formulate the notion of an isomorphism of GKM graphs. We
then show that two GKM graphs have isomorphic graph equivariant cohomol-
ogy algebras if and only if the graphs are isomorphic.
1. Introduction
In [3, Thm. 7.2], Goresky–Kottwitz–MacPherson found a remarkable combina-
torial description of the equivariant cohomology, with complex coefficients, of a
complex projective variety with an algebraic torus action having only finitely many
1-dimensional orbits. Subsequently, Guillemin–Zara [4, §1.6] generalized their work
to a wide class of closed T -manifolds, where T is a compact torus. Nowadays, a
manifold appearing in this class is called a GKM manifold.
A GKM manifold X determines an edge-labeled graph GX that encodes the
structure of the equivariant 1-skeleton of X and the weights of the tangential real
representations. Using these data one can define the graph equivariant cohomol-
ogy H∗T (GX) in a purely combinatorial way. It is a sub graded H
∗(BT )-algebra of
the algebra of functions from the fixed point set XT to H∗(BT ).
The theorem of Goresky–Kottwitz–MacPherson and of Guillemin–Zara men-
tioned above asserts that if the equivariant cohomology of a GKMmanifoldX is free
over H∗(BT ), then H∗T (X) is canonically isomorphic to H
∗
T (GX) as an H
∗(BT )-
algebra. This holds for complex coefficients, and also for integral coefficients pro-
vided that all isotropy groups in X are connected, see Remark 2.4 below.
The work of Guillemin–Zara has another important aspect: they established
an axiomatic formulation of the framework above by introducing the notion of an
abstract GKM graph G and its graph equivariant cohomology H∗T (G), which is a
graded algebra over H∗(BT ).
Toric manifolds are important examples of GKM manifolds. In [6, Thm. 1.1] Ma-
suda proved that the equivariant isomorphism type of a toric manifold, considered
as a complex algebraic variety with an algebraic torus action, is completely deter-
mined by its torus equivariant cohomology algebra with integral coefficients. This
work has led to a classification problem in toric topology which is nowadays called
the cohomological rigidity problem. The aim of the present note is to generalize
Masuda’s result to arbitrary GKM graphs.
Let G and G′ be two abstract GKM graphs defined for the same torus T (see
Definition 2.3). We denote by H∗T (G) and H
∗
T (G
′) the corresponding graph equi-
variant cohomology of G and G′, respectively (see Definition 2.5). In Definition 2.6
2010 Mathematics Subject Classification. Primary 55N91; secondary 57S15.
M. F. was supported by an NSERC Discovery Grant.
1
2 MATTHIAS FRANZ AND HITOSHI YAMANAKA
we will introduce the notion of an isomorphism ϕ : G′ → G. Our main theorem is
the following:
Theorem 1.1. H∗T (G) and H
∗
T (G
′) are isomorphic as H∗(BT )-algebras if and only
if G and G′ are isomorphic as GKM graphs.
For a toric manifold X , the GKM graph GX and the fan ΣX are essentially the
same object. Since isotropy groups in toric varieties are connected, Theorem 1.1
generalizes Masuda’s equivariant rigidity theorem to abstract GKM graphs.
Throughout this note, we fix a compact torus T of rank r as well as posi-
tive integers n and n′. Note that H∗(BT ) can be regarded as the polynomial
ring Z[x1, . . . , xr ] with the grading deg xi = 2. For two polynomials P,Q ∈
H∗(BT ), we write P | Q if Q = RP for some R ∈ H∗(BT ). We denote by |S| the
number of elements of a finite set S.
2. Graph equivariant cohomology
In this section we recall the notion of an abstract GKM graph and its graph
equivariant cohomology. The original paper is [4]. We also introduce the notion of
an isomorphism of GKM graphs.
Let G be a finite n-valent undirected graph (multi-edges are allowed, but loops
are not) with vertex set V . We denote by E the set of directed edges of G. (Note
that E is not the set of edges of G; the cardinality of E is twice that of the edge
set.) For each e ∈ E , we denote by e the directed edge obtained by reversing the
direction of e. Let i(e) and t(e) be the initial and terminal point of a directed
edge e, respectively. We also use the following notation for vertices p and q:
Ep := { e ∈ E | i(e) = p },
Epq := { e ∈ E | i(e) = p, t(e) = q }.
Definition 2.1. A map α : E → H2(BT ) is called an axial function on G if it
satisfies the following three conditions for all e, e′ ∈ E :
(i) α(e) = ±α(e).
(ii) (GKM condition) α(e) and α(e′) are linearly independent over Z if e 6= e′
and i(e) = i(e′).
(iii) (Primitivity) The greatest common divisor of the coefficients of α(e) is 1.
Definition 2.2. Let α be an axial function on G. A parallel transport of (G, α)
is a family P = {Pe}e∈E of bijections Pe : Ei(e) → Et(e) satisfying the following
conditions for all e ∈ E and all e′ ∈ Ei(e):
(i) Pe = P−1e .
(ii) Pe(e) = e.
(iii) α(Pe(e′))− α(e′) ∈ Zα(e).
Definition 2.3. An abstract GKM graph (or GKM graph) of type (r, n) is a
pair (G, α) having at least one parallel transport.
Remark 2.4. The above notation and terminology are somewhat different from
the usual ones. Let us explain the differences.
(i) Condition (i) in Definition 2.1 is weaker than the usual requirement α(e) =
−α(e). Our definition is motivated by the notion of a torus graph intro-
duced in [5, Sec. 3], and is more natural from the point of view of real
manifolds.
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(ii) Condition (iii) in Definition 2.1 is related to our choice of integers as the
coefficient ring for graph equivariant cohomology. For complex coefficients,
it would hold trivially.
If we want the theorem of Goresky–Kottwitz–MacPherson and of Guille-
min–Zara to hold in the case of integral coefficients, we have to put further
assumptions on the GKM manifold X . One possible condition is the con-
nectedness of the stabilizer group Tx for any x ∈ X , see [1, Thm. 1.1] or [2,
Thm. 2.1]. The primitivity condition reflects the connectedness of the sta-
bilizer groups for the equivariant 1-skeleton in a purely algebraic fashion.
Many known GKM manifolds with effective torus action satisfy it.
(iii) The family P is usually called a connection on (G, α). As well-explained
in [4], this terminology owes its origin to the “fiber bundle” picture for
GKM graphs, see [4, Sec. 1.7]. However, it seems more appropriate to call it
a parallel transport since each bijection Pe corresponds to an identification
of fibers.
Definition 2.5. The graph equivariant cohomology of a GKM graph (G, α) is de-
fined to be
H∗T (G) =
{
f : V → H∗(BT )
∣∣∣ α(e) | (f(i(e))− f(t(e))) (e ∈ E)} ;
it is a sub graded H∗(BT )-algebra of the algebra of all functions V → H∗(BT ).
We denote by H2iT (G) its degree 2i component. In other words, f ∈ H
∗
T (G) is of
degree 2i if f(p) is so for any p ∈ V .
We now introduce the notion of an isomorphism of GKM graphs. For p 6= q ∈ V ,
we set
Ppq :=
∏
e∈Epq
α(e).
Note that Ppq 6= 1 if and only if p and q are adjacent. Let (G′, α′) be a GKM graph
of type (r, n′).
Definition 2.6. An isomorphism ϕ : G′ → G of GKM graphs is a bijection ϕV : V ′ →
V such that for all p′, q′ ∈ V ′ one has PϕV(p′)ϕV(q′) = ±Pp′q′ .
This implies that p′ and q′ are adjacent if and only if ϕV(p
′) and ϕV(q
′) are
so. Two GKM graphs G, G′ are said to be isomorphic if there exists an isomor-
phism G′ → G of GKM graphs.
In light of the primitivity condition, the criterion stated in Definition 2.6 can be
paraphrased as follows:
For any two vertices p′, q′ of G′ there exists a bijection ϕE : EϕV(p′)ϕV(q′) → Ep′q′
such that α′(ϕE (e)) = ±α(e).
An isomorphism ϕ : G′ → G induces a graded H∗(BT )-algebra isomorphism
ϕ∗ : H∗T (G) → H
∗
T (G
′) defined by (ϕ∗(f))(p′) := f(ϕV(p
′)). The assignment is
functorial in the sense that id∗G = idH∗T (G) and (ψ ◦ ϕ)
∗ = ϕ∗ ◦ ψ∗ for isomor-
phisms ϕ : G′′ → G′, ψ : G′ → G.
3. Equivariant Thom classes
Following Guillemin–Zara [4, §2.3], we introduce the equivariant Thom class
corresponding to a vertex of a GKM graph (G, α).
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Definition 3.1. For any p ∈ V , we define a map τp : V → H∗(BT ) by
τp(q) :=
{∏
e∈Ep
α(e) if q = p,
0 if q 6= p.
The map τp is called the equivariant Thom class associated with p; it is an element
of H2nT (G).
Lemma 3.2. Let F be a subset of H∗T (G) \ {0} such that fg = 0 for all dis-
tinct f , g ∈ F . Then |F | ≤ |V|. Equality holds if and only if each f is supported at
a single vertex.
Proof. Let Vf := {p ∈ V | f(p) 6= 0} be the support of f ∈ V . The assumptions
imply Vf 6= ∅ and Vf ∩ Vg = ∅ for distinct f , g. Thus the inequality holds. The
equality is attained if and only if each Vf is a singleton. 
The following result gives a ring theoretic characterization of the set of equivari-
ant Thom classes {τp}p∈V , up to sign.
Proposition 3.3. The set F = { τp | p ∈ V } is a maximal collection of elements
as in Lemma 3.2, and each other maximal collection is obtained by scaling each
equivariant Thom class by some element in H∗(BT ). These properties characterize
F up to signs.
Proof. This follows from Lemma 3.2 and the definition of H∗T (G). 
4. Key lemma
Throughout this section, we fix vertices p 6= q of G. We then introduce the
following polynomials:
P :=
∏
e∈Ep\Epq
α(e), Q :=
∏
e∈Eq\Epq
α(e).
For any e ∈ Epq we set
c(e) :=
∣∣{ e′ ∈ Epq | e′ 6= e, α(e′) = −α(e′) }∣∣.
The following is the key lemma in our proof. For its proof the existence of a
parallel transport on G is essential.
Lemma 4.1. For any e ∈ Epq, the polynomial P − (−1)c(e)Q is divisible by α(e).
Proof. Let P be a parallel transport over G. By condition (iii) in Definition 2.2,
there exist integers {de,e′}e′∈Ep satisfying
α(Pe(e
′))− α(e′) = de,e′ α(e)
for any e′ ∈ Ep. Using these relations, we have
P ·
∏
e′∈Epq
e′ 6=e
α(e′) =
∏
e′∈Ep
e′ 6=e
α(e′) =
∏
e′∈Ep
e′ 6=e
(
α(Pe(e
′))− de,e′ α(e)
)
≡
∏
e′∈Ep
e′ 6=e
α(Pe(e
′))
=
∏
e′′∈Eq
e′′ 6=e
α(e′′) = Q ·
∏
e′′∈Eqp
e′′ 6=e
α(e′′) = Q · (−1)c(e)
∏
e′∈Epq
e′ 6=e
α(e′) ;
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here “≡” means equality modulo α(e) (in other words, equality in the quotient ring
H∗(BT )/〈α(e)〉).
Thus (
P − (−1)c(e)Q
) ∏
e′∈Epq
e′ 6=e
α(e′)
is divisible by α(e). Since α(e′) (e′ ∈ Epq, e′ 6= e) and α(e) are coprime by the
GKM condition, the proof is now complete. 
We set
E := { e ∈ Epq | c(e) is even }, O := { e ∈ Epq | c(e) is odd }.
Notice that Epq is the disjoint union of E and O. Lemma 4.1 immediately implies
the following:
Corollary 4.2. The polynomials P − Q and P + Q are divisible by
∏
e∈E
α(e)
and
∏
e∈O
α(e), respectively.
5. Proof of the main theorem
Now we are in the position to prove our main theorem:
Theorem 5.1. H∗T (G) and H
∗
T (G
′) are isomorphic as H∗(BT )-algebras if and only
if G and G′ are isomorphic as GKM graphs.
Proof. We have seen in Proposition 3.3 that from the H∗(BT )-algebra H∗T (G) we
can recover the equivariant Thom classes, up to sign, and in particular the vertex
set. We show that one can also recover the polynomials Ppq. This will prove the
claim.
Let p, q be distinct vertices. We define an element f in H∗T (G) by
f(v) :=


P 2 if v = p,
Q2 if v = q,
0 otherwise.
We first check that f is in H∗T (G). By Corollary 4.2, f(p)− f(q) = (P +Q)(P −Q)
is divisible by (∏
e∈E
α(e)
)
·
(∏
e∈O
α(e)
)
= Ppq.
In addition, the definitions of P andQ imply that for any vertex v different from p, q,
the polynomials f(p)− f(v) and f(q)− f(v) are divisible by P and Q, respectively.
Thus f is an element of H∗T (G).
We note that the identity P 2pqf = τ
2
p + τ
2
q holds. In the rest of the proof, we
show that the degree of Ppq and this identity characterize ±Ppq.
Assume that an element R ∈ H∗(BT ) satisfies the identity R2g = τ2p + τ
2
q for
some g ∈ H∗T (G). Then g(v) = 0 for all v ∈ V \ {p, q}, and g(p) is divisible by P .
Since g(p) = (τp(p)/R)
2 and P is square free, we see that g(p) is even divisible
by P 2. Because P 2pqP
2 = P 2pqf(p) = R
2g(p), it follows that Ppq is divisible by R.
In conclusion, ±Ppq is characterized as such an R of maximal degree. 
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